Perturbations, Prices, and Incentives In Large Markets

Mitchell Watt*

April 15, 2026

Abstract

This paper studies how small perturbations—misreports, supply shocks, or changes in mar-
ket participants—affect Walrasian equilibrium prices in finite exchange economies. A sequence
of economies is perturbation-proof if the price effect of any bounded perturbation shrinks in
proportion to market size. Perturbation-proofness captures both robustness of equilibrium
prices to small misspecifications and approximate incentive-compatibility of Walrasian mech-
anisms. Strong monotonicity is the key driver of this property: it is necessary and sufficient
for perturbation-proofness in replica economies and implies it with high probability in i.i.d.
random economies. Applying these results to indivisible goods markets shows that sufficient
heterogeneity in buyers’ demand yields perturbation-proofness even when individual demand
is inelastic.
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1 Introduction

Price-taking is a central behavioral assumption of Walrasian equilibrium. Buyers are assumed to
choose optimally at market prices without accounting for how their actions affect those prices.
Since at least Hurwicz (1972), it has been understood that this assumption conflicts with strategic
behavior in finite markets: a buyer with private information about her preferences may benefit from
understating her demand to lower the market price. The standard justification for the price-taking
assumption is that each buyer becomes negligible as the market grows. In the continuum limit of
an exchange economy studied by Aumann (1964), this defense is exact. In large but finite markets,
Postlewaite and Roberts (1976) and Jackson (1992) showed that strategic incentives vanish in the
limit under regularity conditions on the equilibrium price correspondence. But limit results of this
kind leave open the question of rate: how quickly, and under what conditions, does the gain from
misreporting shrink as the market grows? As Postlewaite and Roberts (1976) showed, this need not
happen quickly: in some sequences of economies, one buyer can retain a large influence on prices
no matter how many other buyers participate.

This paper asks when that pathology is ruled out: what primitive condition on preferences en-
sures that the influence of a bounded perturbation on Walrasian prices shrinks rapidly with market
size? Existing results give partial answers. In the unit-demand double auction of Satterthwaite and
Williams (1989), the gains from misreporting vanish at rate O(1/N) when there is a lower bound
on the density of the distribution of values. The linear-quadratic models surveyed by Rostek and
Yoon (2025) deliver similar conclusions through a condition on the slope of aggregate demand. For
general preference domains, Azevedo and Budish (2019) shows that envy-free mechanisms are
strategy-proof-in-the-large, implying for Walrasian mechanisms under a finite type-space assump-
tion that the interim expected benefit of misreporting falls at a rate O(1/N'/27¢) for every & > 0.
This paper identifies a primitive condition, stated directly in terms of preferences and demand, that
delivers the benchmark O(1/N) rate suggested by the special models: exactly in the deterministic
settings studied below and up to a logarithmic factor in the stochastic model.

This paper analyzes price-taking incentives by first studying the sensitivity of Walrasian equi-
librium prices to bounded perturbations: unilateral misreports, supply shocks, or the arrival or
departure of finitely many buyers. A sequence of exchange economies is perturbation-proof if every
such perturbation changes equilibrium prices by at most order 1/N. This notion captures both

robustness of equilibrium prices and approximate incentive compatibility of Walrasian mechanisms,



since it implies that under any Walrasian mechanism the gain from unilateral misreporting is also
at most order 1/N.
The central sufficient condition is strong monotonicity of demand. Demand is strongly monotone

if there exists some m > 0 such that for all prices p, p’ and alld € D(p) and d’ € D(p’),

@d—d)-(p'—p)=mlp —pl*

In a model with one consumption good, this is equivalent to requiring that demand has slope
bounded away from zero by some constant m. The intuition behind the relationship between
strong monotonicity and perturbation-proofness is simple. Walrasian prices are determined by the
intersection of aggregate demand with supply, and a bounded perturbation shifts one side of the
market by a bounded amount. If aggregate demand is steep near the intersection, the induced price
movement is small. As more agents contribute to that slope, the same bounded perturbation has
a price effect of order 1/N. Strong monotonicity of demand is equivalent, via duality, to strong
convexity of the indirect utility function wherever demand is nonzero. This dual formulation is
central to the analysis: it turns price sensitivity into a question about the so-called “tilt stability” of
minimizers of a convex program under linear perturbations, which has been studied in the convex
analysis literature (Drusvyatskiy & Lewis, 2013; Poliquin & Rockafellar, 1998).

The paper establishes perturbation bounds, and the resulting incentive bounds, in three settings.
In deterministic markets, strong monotonicity of individual demand yields price movements of
at most order 1/N“, where N is the number of buyers with nonzero demand in the original and
perturbed economies. In replica economies, strong monotonicity of aggregate demand is necessary
and sufficient. In i.i.d. markets, replacing individual strong monotonicity with strong monotonicity
of expected demand yields perturbation-proofness at rate O((log N)/N) with high probability
and in expectation, and hence interim O((log N)/N) incentive compatibility for every Walrasian
mechanism. I then adapt the latter result to markets with indivisible goods: when the directions in
which discrete demand can change positively span price space and enough buyers switch demand
as prices move, the same perturbation and incentive bounds follow.

These results correspond to progressively weaker monotonicity requirements: individual
demand in deterministic markets, aggregate demand in replica economies, and expected demand
in stochastic markets. This is what allows the theory to cover settings, such as unit demand and

other discrete-choice environments, in which individual demand is not strongly monotone.



1.1 Examples

How can a single buyer retain substantial influence over prices in some large markets but not in

others? The next two examples isolate the difference.

Example 1.1. Consider an economy with a single consumption good and N buyers. The first N — 1
buyers have unit demand for the good with value 1, while the N buyer’s demand as a function
of price is Dy (p) = max{2 — p,0}. The mechanism designer uses a Walrasian mechanism in this
market.

At supply N and truthful reporting, buyer N receives one unit at price 1. If instead buyer N
misreports unit demand with value ¢, equilibrium prices lie in [0, €], so buyer N can achieve a price
arbitrarily close to zero. The set of attainable prices is Ay = [0, 1], and since one unit is allocated

regardless, any report lowering the price is profitable.
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(a) Residual demand (without buyer N) (b) Truthful and perturbed demand with buyer N

Figure 1: Demand functions for Example 1.1

In this case, a small change in one buyer’s report has a substantial impact on prices even when
that buyer is small relative to the market. The main reason is that the residual demand curve
RD(p), the sum of the demand curves of buyers 1 through N — 1, is perfectly inelastic near the
equilibrium price, as illustrated in Figure 1. Because the residual demand curve is locally perfectly
inelastic for every N, a small change in buyer N’s reported demand can move the intersection with

the supply curve a large distance in price space.

The next example differs in one crucial respect: expected demand is strictly downward sloping.

Realized residual demand is still step-valued, but its expectation approaches a smooth downward-



sloping curve, which restores a small price impact.

Example 1.2. Consider an economy with N buyers, one good, and supply M < N. Buyer n has
unit demand with value a, drawn uniformly on [0, 1]. When all other buyers report truthfully, the
M)

set of prices attainable by agent N is Ay := [¢(M),a(M~1)], where a") is the i order statistic of the

other N — 1 draws. For N — 1 i.i.d. Unif|0, 1] draws the expected spacing between order statistics is

1/N, so agent N’s expected price impact is O(1/N).!
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(a) Residual demand and attainable prices (b) Expected demand for one buyer with value
for buyer N uniform on [0, 1]

Figure 2: Demand functions for Example 1.2

For one buyer with value uniform on [0, 1], the expected demand is E[D,(p)] = 1 — p, with
slope —1 and monotonicity modulus m = 1. While realized residual demand has flat segments
for finite N, their width shrinks with market size. Section 5 shows that strong monotonicity of

expected demand drives rapid convergence of incentives in this example.

1.2 Related Literature

The paper is related to three strands of work. The first studies incentives in Walrasian mechanisms.
Hurwicz (1972) first observed that agents with private information may benefit from misreporting.
Postlewaite and Roberts (1976), Jackson (1992), and Jackson and Manelli (1997) identify condi-
tions under which these incentives vanish asymptotically, and He, Miralles, Pycia, and Yan (2018)

obtains analogous conclusions for pseudomarkets. These papers focus on asymptotic incentive

IThe same holds for any distribution with density bounded below on its support; see Satterthwaite and Williams
(1989).



compatibility rather than rates, and their conditions are stated in terms of the equilibrium price cor-
respondence rather than primitives. The aim here is to identify primitive conditions on preferences
that yield explicit rates.

The second strand studies rates in specialized environments. Satterthwaite and Williams (1989)
showed the expected gain from misreporting is O(1/N) in the unit-demand double auction. The
linear-quadratic models surveyed by Rostek and Yoon (2025) deliver similar rates via conditions on
aggregate demand slope. Azevedo and Budish (2019) shows envy-free mechanisms are strategy-
proof-in-the-large; for Walrasian mechanisms under a finite type-space assumption, this gives an
interim rate of O(1/N'/27¢). The contribution here is to identify strong monotonicity as a primitive
condition yielding O(1/N) bounds in deterministic environments and O((log N)/N) in general
ii.d. economies, without restricting to a finite type space.

The third strand is the convex-analytic literature on sensitivity of minimizers under linear per-
turbations; see Poliquin and Rockafellar (1998), Aragén Artacho and Geoffroy (2008), Drusvyatskiy
and Lewis (2013), and Rockafellar and Wets (1998). The contribution here is to specialize these ideas
to the Walrasian dual problem and to extend them stochastically: combining deterministic sensi-
tivity results with uniform empirical monotonicity bounds proved via concentration inequalities.

Unlike the tilt-stability literature, non-singleton optimizer sets are permitted throughout.

2 Model and preliminaries

Consider a quasilinear exchange economy with L consumable goods and a numeraire good, money.
A market consists of a finite set of buyers N. Buyer n € N can consume bundles in a convex,
compact set X, C ]REr with 0 € X,,. Preferences are quasilinear: buyer n has a valuation function
vy ¢ Xy — R and utility U, (x4, t) = v,(x,) — t. Throughout, valuation functions are monotone,
concave, and normalized so that v, (0) = 0.2 Write 7 for the class of valuation functions satisfying
these assumptions.

The market has an exogenous supply vector s € R% . Given a valuation profile, write & =
(N,s) for the market and its supply vector, where N denotes the buyers together with their

valuation functions.

2Concavity is used mainly to guarantee existence of Walrasian equilibrium. For linear pricing without concavity, see
Milgrom and Watt (2025).



Demand and Equilibrium At price vector p € RL, buyer n’s demand correspondence and indirect

utility function are defined, respectively, as

D (p) i= argmax{on(x) = p-x},  ualp) i= max{oa(x) — p -}

xeXy,

For a convex function f, write o f (x) for its subdifferential at x. The subdifferential of indirect utility
coincides with negative demand: ou,(p) = —Dy(p).

An allocation is a vector x = (x,,),en With x, € X, for each buyer, and it s feasible if }_,, . x5 < s.
A Walrasian equilibrium of & is a feasible allocation x and a price vector p € RL such that x, € D, (p)

for every buyer and p - (s — }_,,cn xn) = 0.

Efficiency and Duality The social surplus generated by an allocation x is §(x) = Y_,,cn Vn(Xy). An
allocation is efficient if it maximizes social surplus among the set of feasible allocations.

To connect efficiency and Walrasian equilibrium, consider the Lagrangian

neN neN

Z(x,p) = Zvn(xn)—l—p-(s—an), p € RL.

Because s € R% ,, Slater’s condition holds and there is no duality gap.> Saddle points of ¥
correspond to efficient allocations with supporting prices satisfying complementary slackness, and
the buyer-by-buyer maximization in Z is exactly the individual optimality condition of Walrasian
equilibrium. Walrasian equilibria and efficient allocations therefore coincide (Arrow, 1951), which
also guarantees equilibrium existence.

Rearranging the Lagrangian min-max problem yields the dual program

min {p-s+zun(p)}. (D)

peRL neN

Writing U(p) := Y_,en Un(p) for the aggregate indirect utility, the Kuhn-Tucker conditions imply
that there exists d € —9U(p) = ¥_.en Dn(p) such that

d<s and p-(s—d)=0.

3Concretely, because each X, is convex and contains 0, one can choose %, € relint(X,) and find a A € (0,1)
sufficiently small that }_, A%, < s coordinatewise. Then (A% ),cN is a strictly (relative) interior feasible allocation, so
Slater’s condition implies there is no duality gap.



Thus Walrasian equilibrium prices are exactly the minimizers of the dual objective (D). For
each strictly positive supply vector s € RL ., let P(N, s) := arg min o {U(p) +s - p} denote the

Walrasian price set for (N,s). Then P(N, s) is nonempty and compact.*

Mechanism Design Buyers report some v, € 7 (and implicitly X;;) to a mechanism designer
who determines an outcome and transfers. I abstract away from the practical problem of how these
objects are communicated to the designer.”

In a Walrasian mechanism, the designer computes and implements a Walrasian equilibrium.®
When equilibrium is not unique, a tie-breaking rule selects among equilibrium prices and allo-
cations. Formally, a Walrasian mechanism is a rule .Z that, for every finite buyer set N, every

reported type profile 0 = (0, ),en, and every supply vector s € R% , selects a Walrasian equilib-

rium (N, 9,s) = (p/%(N, 9,5),x“ (N, za,s)).

3 Strong monotonicity and strong convexity

This section introduces the analytical notions underlying the perturbation results. Throughout this

section, K is a compact, convex subset of R? and f K — Risa convex function on K.

Definition 3.1 (Strong convexity). The function f is strongly convex with constant m > 0 if
fly) > f(x)+sc-(y—x)+ %Hy —x|?forall x,y € Kand s, € 9f(x).

Setting m = 0 recovers ordinary convexity. For m > 0, strong convexity means geometrically
that every supporting hyperplane lies below f by at least a quadratic term. Equivalently, f is
strongly convex if and only if g(x) := f(x) — Z||x||? is convex, or, if f is twice differentiable,
D?f(x) = mI (Boyd & Vandenberghe, 2004).

Just as convexity of f is equivalent to monotonicity of df, strong convexity is equivalent to

strong monotonicity of df.

*Because 0 € X, and v,(0) = 0, each indirect utility satisfies u,(p) > 0 for all p € RL. Also, u,(0) =
maxyex, Un(x) < oo because Xy is compact. Hence U(0) < oo, and the sublevel set C(s) := {p € R} : p-s+ U(p) <
U(0)} is nonempty because 0 € C(s). If p € C(s), then p-s < U(0). Since s € RL , this bounds each coordinate of p, so
C(s) is bounded. It is also closed because p — U(p) + s - p is continuous, hence C(s) is compact. Every minimizer of the
dual objective lies in C(s), so the argmin over R% is the same as the argmin over the compact set C(s), which is therefore
nonempty and compact by Weierstrass’ theorem.

5For work on bidding languages for rich preference domains, see Milgrom (2009), Bichler, Goeree, Mayer, and
Shabalin (2014), and Bichler, Milgrom, and Schwarz (2023).

61 abstract from the complexity of computing Walrasian equilibrium. In strongly convex settings, approximate
equilibrium can be computed efficiently via taitonnement; see Appendix C.



Definition 3.2 (Strong monotonicity). Let T : K = R? be a nonempty-valued correspondence on K.

The correspondence T is strongly monotone with monotonicity modulus m > 0 if
(Ty— Tx) - (y — x) > m||y — x||?, forallx,y € Kand Ty € T(x), T, € T(y).

Setting the monotonicity modulus to zero recovers the usual definition of a monotone corre-

spondence.

Proposition 1. Let f : K — R be convex. Then f is strongly convex with constant m if and only if of is

strongly monotone with monotonicity modulus m.

The forward direction is immediate: adding the strong-convexity inequality at (x,y) and
the corresponding inequality at (y, x) and rearranging gives strong monotonicity of df. For the
converse, define g(x) = f(x) — %||x||%>. Then dg(x) = 9f(x) — mx, so strong monotonicity of
df with modulus m is equivalent to monotonicity of dg. By the standard equivalence between
convexity and monotonicity of the subdifferential, g is convex if and only if dg is monotone. Thus g
is convex, which is exactly m-strong convexity of f.

Strong convexity also has a dual formulation. For a finite convex function on K, the Fenchel
dual is the function f* : R? — R defined by f*(x*) = sup . x* - x — f(x). The following dual

characterization is standard (Borwein & Vanderwerft, 2010).

Proposition 2. A convex function f : K — R is strongly convex with constant m if and only if the Fenchel

dual f* : R? - R is strongly smooth, that is,
1
") < ff(x")+s- (y" —x")+ %Hy* — x*Hz, forall x*,y* € RY and s € af*(x™).

In particular, V f* is 1/ m-Lipschitz wherever it exists. Consequently, for all x*,y* € R and s, € df* (x*),
sy € 9f*(y"),
* * ]‘ * *
(sy =) - (y" = x") < —[ly" = ||,

Strongly Monotone Demand I now specialize these notions to indirect utility and demand.
Because demand must be nonnegative, the standard concept of strong monotonicity cannot be
satisfied at prices where a buyer’s demand has already collapsed to zero. Indeed, if D,,(p) = {0}
and a > 1, then D, (ap) = {0}. Attention is therefore restricted to prices where the buyer is active

in the sense of having nonzero demand.



Definition 3.3. Buyer # is active at price p if D,(p) # {0}.

Definition 3.4. Buyer n’s demand correspondence D, : ]KLF = X, is strongly monotone if there exists

some m > 0 such that for all prices p, p’ € R} with D, (p) # {0} and D, (p’) # {0},
(d—d)-(p—p')>m|p—7p|? foralld € D,(p) and d’ € D,(p’). (SLD)

In this case, buyer n has strongly convex preferences or strongly monotone demand.

For an economy & = (N,s), the total demand correspondence D = Y, .y D, is strongly
monotone if the same inequality holds for all p, p’ with D(p) # {0} and D(p’) # {0}, and all
d € D(p)and d' € D(p').

Condition (SLD) resembles the classical law of demand, except that the right-hand side is
strengthened from zero to a quadratic lower bound. The sign convention in (SLD) is consistent
with Definition 3.2: since du, (p) = —D,(p), condition (SLD) is exactly strong monotonicity of the
correspondence —D,, = du,, (adjusted for the possibility of zero demand). By Proposition 1, this is
equivalent to strong convexity of the indirect utility wherever demand is nonzero. By Proposition 2,
it is also equivalent to strong smoothness of the convex conjugate u;, where it is nonzero. More
precisely, u};(y) = —v,(—y) on —X,,, so the same strong smoothness property must be satisfied by
the buyer’s valuation function. This is the convex-analytic foundation for the perturbation results

below.

4 Perturbation-proofness in complete-information economies
This section studies how bounded perturbations affect the minimizers of the dual problem (D), the
Walrasian price set.

Definition 4.1. Let & = (N, s) be an economy. An admissible perturbation is a és € RE such that
s+ 6s € RL, and ||Js| is its size. Then & = (N, s + Js) is the perturbed economy.

The focus here is on small but finite perturbations, rather than the infinitesimal changes typically
studied via shadow prices.
To sidestep dependence on a particular tie-breaking rule, I study the effects of perturbations on

the sets of Walrasian equilibrium prices. For nonempty compact sets P, P’ C RE, write

d(P,P'") :=sup{l[p—p'll:pcP, p P}

9



This notion of distance compares every pair of prices selected from the two sets. If P and P’ are the
price sets for an economy and its perturbation, then for d(P, P’) to be small, each pair of equilibrium
prices in P and P’ must be close, implying that the prices output by any Walrasian mechanism
applied to the two economies must be close as well, regardless of how ties are broken. Note that d is
not a metric, since d(P, P) = diam(P), which may be nonzero. An alternative approach would be to
study the Hausdorff distance d (P, P’) := max(suppep infyep ||p —p'll, Sup e p infpep lp—p H),
which is a true metric, but my results will be stronger in general because dy (P, P’) < d(P,P’).

I study the effect of perturbations on prices as the economy grows large, in the following sense.

Definition 4.2. A nested economy sequence is a sequence of economies ((N, s¢))ten such that Ny C

N; C -+ and |N{| — oo.
Definition 4.3. A nested economy sequence ((N, s¢))ten is O(e(N))-perturbation-proof if for every
sequence of admissible perturbations ds; € Rt with ||ds¢|| < O(1),
d(P(Ny,s¢), P(Ny, st 4 ds¢)) < O(e(|Ny]))-
Taking zero perturbations in the above implies

d(P(Nt, St),P(Nt,St)) = diam(P(Nt,st)) = O(£(|Nt|))

Thus, O(&(N))-perturbation-proofness requires the price set in the economy to shrink. This property
ensures that no individual buyer can influence prices significantly by manipulating tie-breaking
alone.

The main interest here is O(1/ N)-perturbation-proofness (or, in incomplete-information set-
tings, the nearby rate O((log N)/N)). Except in formal theorem statements, big-O notation is
sometimes suppressed. Appendix B discusses conditions leading to faster or slower rates.

For the large market results below, I impose assumptions formalizing the idea that each buyer

becomes negligible as the market grows in size.
Assumption 1. The nested economy sequence ({Ny, s¢))teN satisfies:

(a) There exists Xmax > 0 such that, for every admissible report v € ¥, every price p € R%, and every
bundle x € Dy(p), ||x]| < Xmax-

(b) There exists s € RL , such that, for each good £ = 1,...,L, sf > |N;| s for all sufficiently large .

10



Part (a) says that no single buyer can demand an arbitrarily large bundle at any price, while
Part (b) says that the aggregate supply of each good grows proportionally with the number of
buyers. Part (a) also implies that buyers” indirect utility functions are X.x—Lipschitz, a property
used in some of the below proofs.

Although the definition of perturbation-proofness only covers supply changes, it has implica-
tions for three other changes of interest: unilateral misreports, the addition of finitely many buyers,

and the removal of finitely many buyers.

Proposition 3. Suppose ((N, s))ieN is an O(e(N))-perturbation-proof nested economy sequence satisfy-

ing Assumption 1.

(a) Misreporting: For each t, let ny € Ny, and let Nj be obtained from N; by replacing vy, by some
vy, € V. Then
d(P(Ny,s1), P(N,s1)) < O(e(INi])).

(b) Addition of buyers: Let Ny be a finite set of buyers. Then

dﬂM@LHMUM@DSOMW@)

(c) Removal of buyers: Let No C Nj be a finite set of buyers. Then

d(P(Nt, st), P(N; \ No,st)> < O(e(|Ny))).

Each of the three changes can be recast as a bounded supply perturbation of the original
economy sequence. A misreport replaces the truthful bundle of one buyer by a different bundle,
which changes residual supply by the difference between the two demands. Adding buyers is
equivalent to retracting from supply the bundles they purchase at equilibrium, while removing
buyers is equivalent to adding back the bundles they would otherwise consume. Assumption 1
ensures the equivalent supply perturbations are admissible, at least in sufficiently large markets.

The full proof is given in Appendix A.

4.1 Markets with Strongly Monotone Demand

First consider the case in which all buyers have strongly monotone demand. This is restrictive (it

fails, for example, for the unit-demand valuations in Example 1.2), but it gives useful intuition for

11



the more general results that follow.

Theorem 4. Consider a sequence of markets (N;)ieN in which every buyer has strongly monotone demand
with a common constant m > 0. Let s; be a sequence of strictly positive supply vectors and ésy a sequence of

admissible perturbations satisfying ||0s;|| = O(1). Define

Nf:=  min ‘{n € Ny : Dy(p) # {0} and D,u(p') # {01},
peP(Nf,Sf)
pIGP(Nt,StJF(SSf)

If N} > 0, then
d(P(Ni,si), P(Ny, s +0s1)) < [|8si]|/ (mNF) = O(1/NF).

The term “perturbation-proof” is not used here because the rate depends on N/, which in
turn depends on the equilibrium price sets. Note also that with strongly monotone demand,
equilibrium multiplicity only arises in a knife-edge case. In particular, if a Walrasian equilibrium
price g € P(Ny,s;) gives strictly positive indirect utility to some buyer, then g is the unique
equilibrium price.”

For intuition, consider a single-good economy. Strong monotonicity implies that the slope of

market demand grows with the number of active buyers. As the demand curve becomes steeper

near equilibrium, a fixed supply perturbation has a smaller effect on price.
Proof. Fix t and arbitrary p € P(Ny,s¢), p' € P(Ny, s¢ + Js¢). Choose Walrasian allocations (x,,) and
(x),) and write d := Y_x,, d’ := }_ x},, so equilibrium conditions require

d<s;, p-(ss—d)=0, d <s;+6st, p -(si+3s—d)=0.

For each buyer with nonzero demand at both prices, strong monotonicity gives

(x), = xu) - (p—p) = ml|lp—p|I*

For all other buyers, the law of demand gives

(xy —xn) - (p—p') 2 0.

71f there were another equilibrium price g’ # g, then convexity of the dual objective would imply that every convex
combination of g and ¢’ is also Walrasian. Since u,(g) > 0 and u, is continuous, buyer n would satisfy u, (§) > 0 at all
equilibrium prices 7 sufficiently close to q. Because the zero bundle yields utility 0, this means buyer 7 is active at both g
and such a nearby §, and the same monotonicity and complementary-slackness argument used in the proof rules out
both prices being Walrasian.

12



Setting N%(p, p’) := |{n : Du(p) # {0}, Dn(p’) # {0}}| > Nf and summing yields (d' — d) -
(p —p') > Nfm|p—p'||>. On the other hand, complementary slackness and feasibility yield
(d—d)-(p—p') <és-(p—p'). Cauchy-Schwarz then gives ||p — p'|| < ||0s¢]|/ (mN}). Taking

the supremum over all such pairs yields the result. O

4.2 Necessary Conditions and Replica Economies

The proof of Theorem 4 shows that the relevant object is the average demand correspondence. In a
single-good economy, per-capita perturbations shrink at rate 1/ N while average demand retains
its slope; if that slope is bounded away from zero near equilibrium, prices inherit the same rate.
The simplest sequence of economies with a fixed average demand correspondence is the sequence

of replica economies of Debreu and Scarf (1963).

Definition 4.4. Let N be a market and define N, its k-fold replica, as the set of k| N| buyers such
that for each 11 € N, there are k buyers in N®) with the same preferences as . The k-fold replica of

a base economy € = (N, s) is €*¥) = (N, ks).

Because average demand is constant across replicas, this construction isolates the role of demand

responsiveness.

Theorem 5. Let N be a market with total demand correspondence D = Y., Dy, and let N be its k-fold
replica. Let O C RL | and S C RE ., be nonempty bounded open convex sets such that D(p) C S for every
p € Q, and P(N,s) is nonempty and contained in Q) for every s € S. For any m > 0, the following are

equivalent:

(a) D is strongly monotone on Q) with modulus m: forall p,p’ € O, d € D(p), d’ € D(p’),
(@ —d)-(p—p) =mlp—p'|*

(b) Perturbation-proofness: For every k € N, s € S, and 6s € RE with s+ 6s/k € S,

d(P(N<k>,ks>,P(N<k),ks+5s>> =d<P(N,S)z P<Nfs+is)) - H:iskH

The interiority condition that P(N,s) C Q C IREL 4 for every s € S is necessary to avoid

boundary effects that would otherwise break the necessity direction. If the price of some good
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is already zero, an increase in that good’s supply may be absorbed by additional excess supply
without moving any price; perturbation-proofness then holds trivially regardless of how flat
demand is, and strong monotonicity cannot be inferred from price stability alone. Restricting to
supply vectors associated with strictly positive equilibrium prices excludes this case. The full proof
is given in Appendix A.

Theorem 5 is stronger than the baseline definition of perturbation-proofness: it gives a O(1/k)
bound uniformly over all supply vectors s € S. In this sense, strong monotonicity of the base
economy’s demand correspondence exactly characterizes perturbation-proofness on bounded

regions of supply space for which all equilibrium prices are strictly positive.

5 Incomplete information exchange economies

For the remainder of this paper, buyer valuations are assumed to be random: types are drawn i.i.d.
from a distribution v on 7, now treated as a measurable space (equipped with the appropriate
Borel o-algebra).® In this model, the distance d(P(N;,s¢), P(N,s¢ + 8s;)) induced by a supply
perturbation is therefore also random, so I seek probabilistic bounds.

The results in this section therefore require the following additional regularity assumptions.
Assumption 2. The following hold:

(a) Compact price set: there exist finite cutoffs p, such that, for each good ¢, each price vector p, and v-

almost every v, every bundle x € Dy (p) satisfies x* = 0 whenever p, > p,. Write 2 := [15_4[0,7,].

(b) Measurability: the indirect utility u(v, p) := u,(p) is jointly measurable on 7" x P, the demand
correspondence (v, p) +— Dy(p) has nonempty compact values and measurable graph, and any

Walrasian mechanism M considered is measurable in its inputs.
(c) Integrability: for some p € P, E, []uv(ﬁ)ﬂ < oo.

Part (a) ensures all equilibrium-relevant prices lie in a compact set %, needed for the concentra-
tion arguments below; indirect utilities are then uniformly Xyax-Lipschitz on & by Assumption 1.
Parts (b) and (c) ensure well-defined random outcomes and finite expected indirect utility, in the

sense I now define.

8For example, by a result of Aumann (1963), 7 could be taken as the set of bounded, continuous functions on a
compact subset of R% , the set of bounded functions with discontinuities of the first kind, or, more generally, any subset of
a Baire class. In particular, one may restrict attention to valuation functions that are monotone, concave, and normalized,
in accordance with the earlier assumptions.
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For any price p € P, the expected indirect utility is E,[u,(p)] = [, u,(p) dv(v). The expected
demand correspondence IE,[D,(p)] is the Aumann expectation of the random set D, (p) (Aumann,
1965): the closure of {EE,[¢] : &(v) € D,(p) v-a.s.} over integrable selections. By Rockafellar
and Wets (1982), 0E, [u,(p)] = E,[duy(p)] = —Ey[Dy(p)], so expected demand is the negative
subdifferential of expected indirect utility.

I first relate perturbation-proofness to ex post incentives, then prove a high-probability pertur-
bation bound under strong monotonicity of expected demand, and finally derive interim incentive

bounds, all under Assumptions 1 and 2.

5.1 Expected perturbation-proofness and ex post incentives

I begin with the ex post benchmark which assesses a buyer’s benefit of misreporting to the
mechanism designer supposing she knows the other buyers’ realized types (even though types are
random from the modeller’s perspective). This benchmark isolates the price effect of perturbations

before averaging over uncertainty in the economy.

Definition 5.1 (O(e(N))-ex post incentive compatibility). Fix a Walrasian mechanism .#. A nested
economy sequence ((Nj, s;))ien is O(e(N))-ex post incentive compatible under ./ if, for every

market ¢, buyer n € N, realized type profile (v,),en,, and misreport w € 77, writing

(p,x) := M(Ny, (0n,0-n),51), (P, X)) i= M(Ny, (w,0-),51),

one has

0u(xi) = p' 3 = (oux) = p-30) < O(e(INA])).

Proposition 6. Under Assumption 1, if a realized sequence of economies ((Ni,s¢))ien is O(e(N))-
perturbation-proof, then under every Walrasian mechanism on that sequence it is O(e(N))-ex post incentive

compatible.

Proof. Fix a Walrasian mechanism .#. Fix a market t, buyer n € N, realized type profile (v,),en,,

and misreport w € 7°. Write

(p, x) = /%(Nt, (vn,v,n),st>, (p’, x’) = /%(Nt, (w,v,n),st).

By part (a) of Assumption 1, every truthful or reported bundle has norm at most Xmax, so x’ t_xl <

X' < |2’ € Xmax for every price g, good ¢, x € Dy, (q), and x” € Dy(q). By part (b), sf > |Nys’
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for each ¢, s0 Xmax < sf once f is large enough. Therefore every unilateral misreport induces a
bounded admissible supply perturbation for all sufficiently large ¢, and Proposition 3(a) applies.
Let N{* denote the market obtained from N; by replacing buyer n’s valuation with w. Then p €
P(Ny,s¢) and p' € P(N{,s;). Also x, € Dy, (p) gives payoff u,, (p), while x), € Dy, (p") implies the
gain from misreporting is at most u,, (p') — uy, (P) < Xmax||p — P/l < Xmaxd (P(Nt, St), P(Ntw,st)>,
using Xmax-Lipschitz continuity of u,,. Applying Proposition 3(a) gives d (P (Nt, s¢), P(NY, st)) <
O(e(|N¢])). Since . was arbitrary, the bound holds for every Walrasian mechanism for all suffi-

ciently large t. O

By Proposition 6 and Theorem 4, if individual demands are strongly monotone with common
modulus m > 0, each realized economy is ex post perturbation-proof at rate O(1/N7). This rules
out discrete demand, however, including the unit-demand case of Example 1.2. Theorem 7 replaces
individual strong monotonicity with strong monotonicity of the expected demand correspondence,
which holds in Example 1.2. A concentration argument then shows that realized aggregate demand

is strongly monotone with high probability, yielding the perturbation and incentive bounds.

Theorem 7. Suppose buyer types are drawn i.i.d. from distribution v on 7", and the expected demand
correspondence is strongly monotone. Then, under Assumptions 1 and 2, for every constant B < oo, with
probability 1 — O(1/|N¢|) over the draw of buyer types from v, the following holds for every admissible

perturbation ds; with ||ds¢|| < B:

log | Ny|
d(P(Nt,St),P(Nt,St+5St)> S O( ’Nt’ > .

In particular,

E, [d(P(Nt,st),P(Nt,st + Jst))] <0 (10|g,}\|]f\|]t|> _

The same high-probability event implies that every Walrasian mechanism is O((log N) / N)-ex post incentive

compatible.

The rate O((log N)/N) is very close to the benchmark O(1/N) obtained in the deterministic
setting in the sense that it is faster than O(N~1*¢) for every fixed e > 0, because log N = o(N¢¥).

The proof in Appendix A has two steps. First, each buyer’s indirect utility is replaced by a
smooth (Moreau-Yosida) approximation with per-buyer error O(1/N?), turning demand into a

single-valued Lipschitz function. The regularized and original economies have nearby equilibrium
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price sets, so it suffices to study the regularized problem. Second, concentration inequalities
imply that, with probability 1 — O(1/N), the realized aggregate demand satisfies the strong
monotonicity inequality for all price pairs separated by at least O((log N)/N). If a perturbation
moved equilibrium prices by more than this, the quadratic growth of the dual objective would
require a larger supply shift than the perturbation allows — a contradiction. The logarithmic factor

comes from extending the concentration bound uniformly over a polynomial net of price pairs.

5.2 Interim reporting incentives

Inow turn to the interim benchmark, in which a buyer knows her own type and the distribution
of others’, but not their realized values. The definition is stated for a fixed mechanism, so the

tie-breaking rule is fixed throughout.

Definition 5.2 (O(e(N))-interim incentive compatibility). Fix a Walrasian mechanism .#. Let
((N, s¢) )ten be a nested economy sequence, and suppose buyer types are drawn i.i.d. from v. It is
O(e(N))-interim incentive compatible under ./ if, for every market t, buyer n € Ny, type v, € 7,

and report w € 7, writing

(p, x) := M (N}, (00, 0—n),5t), (p', x/> = M (N, (w,0_y),51),

one has

Eufou(x1) — /5, = (on() = p -3 [ 0] < O(e(INGD)

The following corollary follows almost directly from Theorem 7.

Corollary 8. Suppose buyer types are drawn i.i.d. from distribution v on 7", and the expected demand
correspondence is strongly monotone. Then, under Assumptions 1 and 2, every Walrasian mechanism is

O((log N)/ N)-interim incentive compatible.

The logic is straightforward. With buyer n’s type fixed, the only remaining randomness comes
from the other buyers. With high probability over draws of those buyers, their aggregate demand
is already steep enough that any bounded perturbation can move Walrasian prices by at most
order (log N)/N. Because this event depends only on the other buyers, it holds uniformly over
buyer n’s possible reports. Under Assumption 1, every unilateral misreport induces a bounded
admissible perturbation for all large enough markets, which leads to the standard interim incentive-

compatibility conclusion. The full proof is given in Appendix A.
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6 Strong monotonicity with indivisible goods

This section specializes to economies with indivisible goods, so that X,, C ZEF.9 Individual demand
is then locally constant in prices and changes only at prices at which the buyer is indifferent between
two bundles, so the single-buyer notion of strong monotonicity from Section 3 is no longer the
right object. As in Section 5, I therefore ask when the expected demand correspondence is strongly
monotone. Indivisibilities matter here because whenever demand changes, the change vector has
norm at least one. Thus, the key issue is not the size of a nonzero demand change, but where those
changes occur for different buyer types and how densely different types are distributed.

The analysis uses several concepts from Baldwin and Klemperer (2019). I introduce only the

pieces needed here and refer the reader to that paper for a full treatment.

Definition 6.1. For buyer n with demand correspondence D,,, the locus of indifference prices (LIP) is

Ly = {p € RL : Dy(p) isnota singleton} .

The LIP divides price space into unique demand regions on which demand is constant, so demand
can change only when prices cross the (L — 1)-dimensional facets that comprise the LIP.!* Baldwin
and Klemperer (2019) show that when prices move between adjacent unique demand regions,
demand changes by an integer multiple of the primitive normal vector of the separating facet.
Here, a primitive vector is one whose entries have greatest common divisor 1. This motivates the

following definition.

Definition 6.2. The demand type &, of buyer n is the set of signed primitive facet normal vectors of

the LIP. An element of 9, is called a demand subtype.'!

These geometric constructs are useful here because they allow us to describe changes in demand
using a finite collection of facets and their normal vectors.

In this section, I distinguish a buyer’s demand type from the buyer’s type in the usual sense,
namely the valuation function v, drawn from v over 7°. The following examples illustrate the

difference.

9As a result, X, is not convex, as assumed in Section 2. Instead, we impose additional assumptions on preferences to
ensure that Walrasian equilibria exist and can be characterized as the minimizers of the dual objective.
19Throughout this section, price comparisons are made along the straight-line segment joining p and p’. The arguments
below only need to count the facets crossed along this segment.
HNote that the “subtype” terminology is not used by Baldwin and Klemperer (2019).

18



Example 6.1 (Unit demand). Consider a unit demand buyer n of a single good (as in Example 1.2),
so that v, : {0,1} — R with v,(x) = a,x for a, > 0. The LIP of buyer n contains only the price
px = a,, and the demand type of the buyer is 9, = +{1}.

Note that with one consumable good, this is the only possible demand type (but there are many

possible valuation functions associated with this demand type).
Example 6.2 (Two-good complementarities). Suppose there are two goods x and y, with (x,y) €
{0,1}2. Buyer n has the following valuation function for the goods

(X, y) = anx + byy + cuxy,

where each of a,,, b, and ¢, are strictly positive real numbers. The LIP for buyer 7 is illustrated
in Figure 3. The associated demand type of buyer n is then &, = +£{(0,1),(1,0),(1,1)}. The
underlying unsigned family I' = {(1,0), (0,1), (1,1) } is totally unimodular.

Py
buy x only
buy neither
by +cy
by |
buy both

buy y only

L px
an a, + ¢,

Figure 3: Locus of indifference prices for Example 6.2

To adapt the perturbation results above to the indivisible goods setting, I now impose the

following standing assumption on the support of demand types.

Assumption 3. There exists a finite family of primitive vectors T = {+,...,vK} C Z! whose column
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matrix is totally unimodular, and for v-almost every buyer type v, the buyer’s demand type is contained in

the signed family +T.

By the existence-and-duality results of Baldwin and Klemperer (2019) and Baldwin, Jagadeesan,
Klemperer, and Teytelboym (2023), Assumption 3 implies that every realized economy generated
from the support of v admits Walrasian equilibrium, and that the corresponding equilibrium prices
are characterized by the same dual minimization problem used in Section 5. The remaining task in
this section is therefore to identify conditions under which expected demand is strongly monotone

within this totally unimodular class.

6.1 Conditions implying strong monotonicity

Recall that for unit-demand economies with uncertainty in valuations (as in Example 1.2 and
Example 6.1), a sufficient condition for the expected price impact of a single buyer to be O(1/N)
is that a, be drawn from a distribution with density bounded below by « > 0 on an interval
(Satterthwaite & Williams, 1989). The reason is immediate from our results in Section 5. Let

do(p) :=1{a > p}. Then d(p) := E,[d,(p)], and letting f denote the density of a,, for p < p/,

Hence,

which is exactly strong monotonicity in one dimension.

The unit-demand structure is not essential. In the next result, I show that expected demand will
be strongly monotone when two conditions hold. First, for every direction of price movement, there
must exist demand subtypes whose associated demand changes partially offset that movement.
Second, for any price move, the type distribution must have the property that the expected number
of demand changes of each such subtype grows at least linearly in the magnitude of the price

change. The next definition states these conditions precisely.

Definition 6.3 (Finite subtype representation). Let & be a compact, convex subset of R: . 1 say
that v admits a finite subtype representation on & if there exist finitely many nonzero elementary

demand-change vectors A = {51, ..., oM } C ZL and constants ¢y, ...,cp > 0 such that for all
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p, v € P, there exist measurable functions
Nj(.;p,p/):‘7—>2+, i=1,...,M,

with the following properties:

(a) for v-almost every v and alld € D,(p), d € Dy(p’),

M .
(@d—d)-(p'—p) =) Nj(v;p,p")max{d - (p' — p),0};

j=1

(b) for each j,
E.[Nj(v;p,p")] > ¢jmax{d/ - (p' — p), 0}

The vectors &/ are primitive facet normal vectors encoding the possible directions of demand
change. The variables N;(v; p, p’) are measurable lower bounds on the number of demand changes
of subtype j made by buyer type v when prices move from p to p’. Because A collects all demand
subtype directions that may arise within %, not every element of A need be relevant for every
price move g: subtype j contributes only when &/ - g > 0. The positive part max{¢’ - q,0} zeros out
subtypes with ¢/ - ¢ < 0 and weights the contributions of the remaining subtypes by &/ - 4.

Condition (a) says that these subtype demand changes provide a realized lower bound on the
monotonicity term for each buyer. Condition (b) is a density requirement: the expected number of

subtype-j demand changes grows at least linearly in &/ - g.

Proposition 9. Assume Assumptions 1-3. Suppose v admits a finite subtype representation on P, with
subtype directions A = {6,...,6M} and coefficients c1,...,cp > 0. If the nonnegative span of the
active subtype directions {0/ : cj >0} is RE, then the expected demand correspondence associated with
v is strongly monotone. Consequently, the perturbation bound of Theorem 7 applies to every admissible
perturbation in this class of indivisible-goods economies, and the interim incentive conclusion of Corollary 8

applies as well.

The proof is given in Appendix A. The final example verifies the finite-subtype hypotheses of

Proposition 9 in a mixed-complementarity environment.

Example 6.2 (Continued). Consider now a variant of Example 6.2. Buyers are drawn i.i.d. as

follows:
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(a) with probability p, > 0, the buyer is x-marginal, meaning b, = ¢, = 0, and a, has density

bounded below by f > 0 on the projection of & onto the x-axis;

(b) with probability p, > 0, the buyer is y-marginal, meaning a, = ¢, = 0, and b, has density
bounded below by ]:y > 0 on the projection of & onto the y-axis;

(c) with the remaining probability, the buyer has the complementary valuation of Example 6.2,

with bounded support.

Take A = {(1,0),(—1,0),(0,1), (0, —1) }. Here (1,0) and (—1,0) are the primitive normal vectors
of the LIP facets at which an x-marginal buyer’s demand for good x changes, and (0,1) and (0, —1)
play the same role for y-marginal buyers.

For p,p’ € &, define Ny, N, N3, Ny to count the number of demand changes of the correspond-
ing subtype made by x- and y-marginal buyers. For complementary buyers, set these lower-bound
counts equal to zero. This does not require that complementary buyers make no demand changes;
it only uses the fact that the marginal buyers already supply a valid lower bound for condition (a).

Any demand changes by complementary buyers only strengthen that lower bound. Moreover,

E,[Ni] > oxf max{p — px,0}, E,[N] > oxf max{px — p;, 0},

with analogous bounds for N3 and Nys. Thus v admits a finite subtype representation on . Since
these subtype directions positively span IR?, the hypotheses of Proposition 9 are satisfied. Therefore

the perturbation and incentive bounds from Section 5 apply to this class of economies.

7 Conclusion

The central message of this paper is that a large number of buyers alone does not make a Walrasian
market strategically well-behaved. What matters is the responsiveness of aggregate demand to
prices. Strong monotonicity is the formal expression of this idea: it provides a necessary and
sufficient condition for exact O(1/N) rates in replica economies, and a sufficient condition for
near-O(1/N) rates—specifically O((log N)/N)—in broad classes of i.i.d. economies.

These results provide a primitive condition on preferences and type distributions for rapid price
stability: expected demand must be strongly monotone. This also has product design implications.

Choices that increase the heterogeneity of effective demand can improve the incentive properties
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of a Walrasian mechanism, while designs that make demand more similar among buyers can
leave strategic considerations first-order regardless of market size. In Appendix C, I show that
the same assumptions yield exponentially-fast convergence of titonnement, so robustness and

computational tractability arise from a common geometric property of demand.

A Proofs omitted from the main text

A.1 Proof of Proposition 3

Proof. For case (a), the Walrasian price sets are nonempty and compact, so for each t one may

choose p; € P(Ny,st), and py € P(N], s¢) such that

Ipe = pell = d(P(Nes), PN 1) ).

Choose a Walrasian allocation (xyt),.,, and ¥; demanded by buyer n; under v; at f; in the
misreported economy. Choose any truthful demand xo; € D,,(f;) and set ds; := xo; — %. By
part (a) of Assumption 1, both xg; and %; have norm at most Xmax, 0 [|9s¢]] < 2Xmax = O(1)
and J?f - xé/t < ff < ||%¢]] € Xmax for each good /. By part (b) of Assumption 1, sf > \Nt\gé for
each ¢, s0 Xmax < sf for every ¢ once t is large enough, hence s; + ds; = sy — (% — xo) € 1R<LH.
The allocation (x,,¢),.n, together with x is therefore feasible with supply s; 4 Js; and satisfies
complementary slackness at f, so pr € P(Ny,s¢ + ds¢). Since (Js;)en is @ bounded admissible

perturbation sequence, perturbation-proofness gives
d(P(Ni,st), P(Ni,si +ds1) ) < O(e(INi]).
Therefore,
d(P(Nuse), P(Nf,st) ) = llpe = pull < d(P(N:s1), PNy st 4 0s1) ) < O(e(ING])).
For case (b), choose p; € P(Ny,s¢) and py € P(Ny U Ny, s¢) such that
Ipe = pill = d(P(Ni, 1), PN U No,s1) )

Choose a Walrasian allocation in the enlarged economy at i, and set ds; := — },cn, Yn,t, where
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Ynt € Dy(pr) are the demands of the added buyers. Since part (a) of Assumption 1 gives ||| <
Xmax for each n € Ny and Nj is finite, |[ds¢|| < [Np|Xmax = O(1) and Y_,cn, yﬁ/t < Yonen lyntll <
|No|Xmax for each £. By part (b) of Assumption 1, st > |N;|s’ for each ¢, so |Ny|Xmax < sf for
every ¢ once t is large enough, hence s; + ds; € ]R~L++- Thus p; € P(Ny, st + ds¢). Since (0s¢)ien is a

bounded admissible perturbation sequence, perturbation-proofness gives
d(P(Ny,s1), P(Ny,si +ds1) ) < O(e(|Ni]),
and therefore
d(P(Ni,s0), P(NyUNo,st) ) = llpe = pill < d(P(Ny 1), P(Ny, s+ 651) ) < O(e(INi])).
For case (c), choose p; € P(Ny, s¢) and py € P(N; \ Ny, s¢), such that

Ipe = pill = d(P(Ny 1), PN \ No,st) ).

Choose a Walrasian allocation (xy,t),cn;\n, at fi+- For each n € Ny, pick any y,,+ € Dy (f) and set
08t := Y peN, Ynt- Since Ny is finite and part (a) of Assumption 1 bounds each X, by Xiax in norm,
[6s¢]] < [No|Xmax = O(1). The allocation (xy,t),en,\n, together with (y,,+)uen, is feasible with
supply s; + s; and satisfies complementary slackness at p;, so pr € P(N;, st + ds;). Since demands
are nonnegative and s; € IREr 4, admissibility s; + ds; € IREr + holds automatically. Perturbation-
proofness gives

d(P(Nt,St),P(Nt,St + (5St)> < O(e(|Nt])),

and therefore

A(P(Ni,s0), P(Ne\ Noysi) ) = [lpe = pill < d(P(Nys1), P(Ny, s+ 051) ) < O(e(INi])).

A.2 Proof of Theorem 5

Write ¥ := U + Ig:, where Iy, is the indicator function for the nonnegative orthant, which is
convex. Since the aggregate indirect utility of the k-fold replica is kU, we have P(N%), ks) = P(N,s)
and P(N®, ks + §s) = P(N,s + ds/k), so it suffices to prove the result for the base market. The
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Kuhn-Tucker condition at a minimizer p of min,cg: {U(p) +5s- p}is 0 € s +9U(p) + Nge (p),

where N¢(x) denotes the normal cone to C at x.

Proof of Theorem 5. (a)=-(b). Fixs € Sand p,p’ € P(N,s). Because p,p’ € P(N,s) C Q Cc RL,
the normal cone to R} vanishes at both prices. The Kuhn-Tucker condition therefore reduces to
0 €s+dU(p)and 0 € s+9U(p'), sos € —oU(p) = D(p) and s € —9U(p') = D(p’). Strong
monotonicity then gives

m|p—p*<(s—s)-(p—p') =0,

hence P(N,s) = {p} is a singleton for every s € S.

Now lets € S, k € IN, and s satisfy s + ds/k € S, and take p € P(N,s), p’ € P(N,s + ds/k).
Since p,p’ € QO C RL,, the normal cone to R. again vanishes at both prices. Applying the
Kuhn-Tucker condition at p and p’ gives 0 € s +0U(p) and 0 € s + ds/k +oU(p’), hence s € D(p)
and s + ds/k € D(p'). Strong monotonicity and Cauchy-Schwarz therefore give

6]

Js / 2 /
Y (p=v) > — — <
(%) G- zmlp=pP and -y < 1

Taking the supremum over all such pairs yields (b).
(b)=(a). Taking és = 0 in (b) gives diam(P(N,s)) = d(P(N,s), P(N,s)) < 0, so each P(N,s) isa
singleton; write P(N,s) = {7t(s) }. Taking k = 1 in (b) gives

s'—s||

|7(s") — m(s)]| < | foralls,s’ €S,

so 7t :S — Qis L-Lipschitz with L :=1/m.

Define ® := ¥*. Since P(N,s) = 0®(—s) = {7(s)} for every s € S, ® is differentiable on —S
with V®(—s) = 7(s), and V& is L-Lipschitz on the open convex set —S.

Now let g € Q and d € D(g); by assumption d € S. Since g € Q C RE |, the normal cone
N (9) = {0}. Because d € D(q) = —dU(q), this gives 0 € d +dU(q) + N (7) = d+ 9% (q),
which is exactly the Kuhn-Tucker condition characterizing g4 € P(N,d). Thus q € 0®(—d) =
{n(d)}, giving ¢ = V®(—d), so 7 is the inverse of D on Q.

Since ® is convex with L-Lipschitz gradient on —S, the Baillon-Haddad theorem (Baillon &
Haddad, 1977; Bauschke & Combettes, 2011) gives

(VO(y) = Vo) - (v —v) = %I\Vﬂb(y) — Vo)t forallyy € —S.
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Forq,q' € Qwithd € D(q),d € D(q'), applying this aty = —d, y’ = —d’ and using g = V®(—d),
g = V&(—d') yields
(@ —d)-(q—q") = mllg—q'|I*

Thus D is strongly monotone on () with modulus m. O

A.3 Proof of Theorem 7

The proof proceeds through a short sequence of lemmas.

Regularization In this proof, to avoid discontinuities in the dual objective function, it is conve-
nient to regularize the buyer-level indirect utilities by the Moreau-Yosida construction. The explicit
construction is not important for the argument (see, for example, Rockafellar and Wets (1998)), so

the following proposition records only the properties used below.

Proposition 10 (Moreau-Yosida). Let H be a Hilbert space and let f : H — R U {co} be a proper, convex

and lower semi-continuous function. For v > 0, define the v-Moreau envelope of f by

F(x) = inf {f(y) n zl,yux—ynz}.

yeEH
. . L . . . . o1 . .
Then f : H — R is convex and Fréchet differentiable on all of H, and its gradient V f is - -Lipschitz
continuous. Moreover, if f is L-Lipschitz on H, then f is also L-Lipschitz and, for all x € H,

2

Fo) < £ < Fo) + 2

the inverse mapping of the gradient of f and the inverse mapping of the subdifferential of f are related by

(VATHx") = 72"+ (9f) 7} (x).

Note that u,(p) = maxyex, {va(x) — p - x} defines a proper convex function on all of RL.
Moreover, du,(p) = —D,(p), and part (a) of Assumption 1 implies that every subgradient of u,

has norm at most Xmax. Hence each u,, is Xmax-Lipschitz on RE.

Setup Fix a realized economy with N buyers, realized total indirect utility Vx(p) := Y2, t,(p),

and realized aggregate demand correspondence Dy(p) = YN, D,(p). Write 5 := s/N and
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consider the per-capita dual objectives

Their minimizer sets are

P :=argmin Fy(p), P’ := argmin F§(p).
pEP peEP

Now regularize the buyer-level indirect utilities. Let vy := and for each buyer n let i, N

el
be the yn-Moreau envelope of u, and d,, n(p) := —Vil, n(p). Since each u, is proper, convex,
and Xmax-Lipschitz on RE, Proposition 10 implies that each 7, y is Fréchet differentiable on all of
R, that d,,  is N2-Lipschitz, and that i, n(p) < un(p) < @, n(p) + %ﬁm for all p € RL. Write
Un(p) := E,[ii,n(p)] and Dy (p) := E,[d,,n(p)]. Define the regularized per-capita dual objectives
by

- 1 & .
En(p)i= g Linn(p)+5-p Fy(p) = En(p)+ 5P,
n=1
and their minimizer sets by

P:=argminFy(p), P’ :=argminE$(p).
PEP pPEP

Finally, define the regularized buyer-level and aggregate moduli by

Mu(p,p) = (dun(p) = dun()) - (7 = 1),
N
Dy(p) := Zl TN (p),
N
My(p.p') = ;Mn(w’)

The inverse-mapping identity in Proposition 10 implies that d, n(p) € D, (p + 'yNJn,N(p)) for

every p € RY; in particular, ||d,, n(p)|| < Xmax for all p. Moreover, Proposition 10 gives

2 ~ '}/NXIZnax
inN(p) < up(p) < idun(p) + — for all n and p.
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Summing this inequality over buyers and dividing by N yields

where

By 1= Smax, (A1)

By convexity of &, every minimizer of the regularized objectives satisfies the variational inequality:
VEn(p) - (z—p) > 0forallz € # and p € P, and similarly VE(p') - (z—p') > Oforallz € P

and p’ € P'. The next lemma gives the mean monotonicity estimate for the regularized demand.

Lemma 11 (Regularization preserves expected strong monotonicity). Suppose the expected demand
correspondence is strongly monotone with constant m > 0. Then for every m' < m there exists C =

C(m,m', Xmax) > 0 such that for every N > land all p,p’ € P with ||p — p'|| > C/N,

(Du(p') = Dn(p)) - (p—=p') = mllp — ¥/
Proof. Let U(p) := E,[un(p)] denote the expected indirect utility. By the interchange theorem of
Rockafellar and Wets (1982) for convex integrands, oU(p) = E,[du,(p)] = —E,[Dx(p)]. Since the
expected demand correspondence is strongly monotone with constant m, Proposition 1 implies
that U is strongly convex with constant m.

Fix a coordinate vector e,;. Since 7, N is Xmax-Lipschitz, the difference quotient ‘ (ﬁn,N(p +
hey) — ity N ( p)> / h‘ < Xmax for every h # 0, and since i, y is differentiable it converges pointwise
to dyti, n(p) as b — 0. Dominated convergence therefore yields d,Un(p) = E,[9/il,n(p)] for
every coordinate ¢, hence VUy(p) = E,[Vii, n(p)] and Dy(p) = —VUn(p). Moreover, Proposi-
tion 10 with vy = 1/N? gives i, n(p) < un(p) < dun(p) + %‘2“” for all p € P, so after taking

2

expectations, Un(p) < U(p) < Un(p) + Bn where By = }éﬁg asin (A1).

Fix p,p’ € P and writer := ||[p — p'||. For A € (0,1),letz) := (1 — A)p + Ap’; the value of A

will be chosen later. Since U is m-strongly convex, characterization (a) after Proposition 1 gives

U(zp) < (1— MU(p) + AU(p') — %m s
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Using Uy(z)) < U(z,) together with U(p) < Un(p) + Bn and U(p') < Un(p') + Bn, this yields

(n(z) < (1= 2)0n(p) + AUn(p) = FAL =) + By

Rearranging (A2) gives
~ n H 7)) — a -
On(p!) () = A)A vp) S A=At - ﬁ;fl.
By convexity and differentiability of Uy,
Un(zp) — Un(p) N )
> . — 7).
1 > VUn(p) - (p' —p)

Combining the previous two formulas gives

A A A

Un(p') —Un(p) — VUN(p) - (¢ —p) >

e

(1—A)r? — ﬁTN

Applying the same argument with p and p’ interchanged yields

On(p) = Un(p') = VOn(p) - (p = p) = T (1= A)r - ﬁTN

Adding (A3) and (A4) gives
(VO ~ Viin(p) - (¢~ p) = m(1 —2)2 = 2N

Since Dy = —V Uy, (A5) becomes
(DN ) = Dp) - (p =) = m(1 = 2)2 = 2.

Now fix m’ < m and choose

so (A6) implies
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whenever

2BN o m —m’r2 2N _ 2mX2,.
A T2 ’ A (m —m')N?’

Substituting By = X2,/ (2N?) and A = (m — m') / (2m) therefore shows that a sufficient condition

is

4mXz . 1
2 > max - A7
=z (m _ ml)Z N2 ( )
Thus, setting C := %, any pair satisfying ||p — p’|| > § also satisfies (A7) for every N > 1.
Note that C depends only on m, m’, and Xmax. This proves the claim. O

Lemma 12 (Empirical strong monotonicity with high probability). There exists a constant K > 0 such

that, with ry 1= K%, the event

~ m .
Ex i= { W (p,p") = GNIp /| foral p,pf € 2 it lp = /| = v}

satisfies Pr[Ex] > 1 — O(1/N).

Proof. The proof uses a net argument. First, the desired lower bound is proved on a finite net
covering & via Bernstein’s inequality. Then I extend it to all price pairs by exploiting the Lipschitz
continuity of My.

Choose 7y := N~*. Since 2 is compact, there exists an y-net /iy C P with || < Koyt =
KoN*L for a constant Ky depending only on . Let ¥y := {(p, §') € #3: ||[p— P'|| > '}, and let

E}; denote the event that
~ _ 2m _ 12 _
My(p.p') =2 5 Nlp -7 forall (p,p') € Zn.

Then |#n| < K%NSL. Let Creg be the constant given by Lemma 11 with m’ = 37’”. Choose the

constant K in the definition of ry so that K > 2Creg, and enlarge it if necessary so that

mK

LGSy
896X~ oo

By Lemma 11, taking m = ‘%’”, one has forall N > 1,
"~ - =/ o A —/ — — —/ 3m — —/112 p——
E[M.(p, 7)) = (Dn(p) = Dn(p)) - (P =) = - =PI forevery (p,§) € Zn.

For each fixed (p,7') € H#n, setq := p— p’ and u := E[M,(p, p’)]. Because i, y is convex and
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differentiable, its gradient is monotone; hence d,n = —Vil, N satisfies M, (p,p') > 0. Since

dNn,N also takes values in the consumption possibility set, 0 < M, (§, p') < 2Xmax||q]| =: B. The
Bhatia-Davis inequality therefore gives Var(M,(p, 7')) < Bu. Moreover, Z!||p — p'||? < $y, so the

event

is contained in

i (Mn(ﬁ/ﬁ/) - ﬂ) < - %

n=1

Applying Bernstein’s inequality with ¢t = N /9 therefore yields
~ —— 2m = —/112 N H m ~ —/
<= — < )< S — — .
Pe [t (p. ) < 5 Nlp~ PIP| < exp( 5l ) < e~ g NPl
Since ||p — p'|| > rn/2, this implies

~ 2m mK B
Pe |t (p, ) < N1 = pIP| < exp( ~ goa— log(eN) ) = (o) /05
max
Taking a union bound over F#y gives
PT[E;]] >1— K%NSL(eN)me/(S%XmaX)‘

Because % > 8L + 1, it follows that Pr[(E};)¢] < O(1/N).
It remains to pass from the net to all price pairs. Since each regularized demand map d,, y is
N 2-Lipschi’cz and bounded in norm by Xmay, there is a constant K, depending only on Xmax and

P, such thatforall p,p’, p, 9’ € 2,

AN (p') = dun(p) = din (7)) +dun (@) 1o = #')
dun(7) = dun(P)|| (P = 1) = (P = 1)
< N*(Ilp' = 7'l + llp — pll) diam ()

+ 2Xmax (Il = 1l + Il = 71l
< (diam(#) + 2Xmax ) N?([lp = pll + Il = P'II).

Mn(p/ P/) - M”(p/ ﬁ/)

Thus take K; := diam (%) 4+ 2Xmax. Summing over n yields ‘MN(p, p')— Mn(p, p')

< KN (Jlp -
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Pl +llp" = P/H)- If p,p’ are nearest net points to p,p/, then ||p — p|| + ||/ — 7’| < 27N, so
[Nix(p, ') = ¥(p,P')| < 2Ki/N.

Similarly, if R := diam(2#), then [||p — p'[2  |[p — /|| < 2R (|lp = pll + llp' = p'|l) < 4R/N*
Now fix any p, p’ € & with ||p — p’|| > rn, and choose nearest net points p, p’. For all sufficiently
large N, |7 — P'|| > |lp — P'|l — 2yn > rn/2because iy = N~* = o(rn), so (P, p') € Hn. On the

event E3;, combining the previous two bounds gives

~ 2K
Nin(p.p') = Mn(p, ') = S
2m 2K
s 2 = o2 M
NIl P - 5
2m 8mR 2K
> Nlp—p? - 2os — S8

Since ||p — p'|| > rn = Klog(eN)/N, one has N||p — p'||*> > K*1log®(eN)/N,and N~!/(N|p —

p'|1?) < 1/(K?*log*(eN)) — 0, so the net-extension error is negligible. Enlarging K if necessary

ensures that 578 + L < mN||p — p'||? for all sufficiently large N. Therefore, on Ef, My (p, p') >

2N||p — p'||* for every p,p’ € P with ||p — p'|| > rn. Thatis, Ej; C Ey for all sufficiently large N.
Since Pr[(E})] < O(1/N), it follows that Pr[Ey] > 1 — O(1/N). O

Lemma 13 (Upper bound on price effects). Fix r > 0. Suppose the event

~ m .
My(p,p) = SNIp =PI forallp,p' € Pwith |p—p'l| > r

holds. Then every pair of minimizers p € P and p' € P’ satisfies

2||ds||
- < .
lp =Pl < Inax{r, N

In particular, if r = ry = Klog(eN) /N and ||ds|| = O(1), then

d(P, p/) § IN.

Proof. Fixp € Pand p’ € P'. If ||p — p'|| < r, then the stated bound is immediate. Suppose instead
that ||p — p’|| > r. Specializing the variational inequalities from the setup to z = p’ and z = p,
respectively, gives

VE(p)-(p'—p) >0, VE()-(p—p)>0.
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Adding these inequalities, and using VF{ (p') = VEy(p') + & and VEy = 5 — Dy, yields

Mn(p,p') <ds-(p—p').

The hypothesis of the lemma and the Cauchy-Schwarz inequality therefore give

m ~
> Nllp - PP < Mn(p,p') <ds-(p—p) <|Is|| lp =PI,

hence ||p — p'|| < %. Combining the two cases gives ||p — p'|| < max{r,2||ds||/(mN)}, and
since this holds for every p € Pand p’ € P/, we get d(P, P') < max{r,2||6s||/(mN)}. Ifr =ry =
Klog(eN)/N and ||6s|| = O(1), then 2||5s||/(mN) = O(N~!) = o(ry), so d(P,P’) < ry for all

sufficiently large N, as claimed. O

Lemma 14 (Upper bound on regularization error). Suppose the event Ey holds with radius ry. Then

APy <R+ BN Py <\ f N

In particular, if ry = Klog(eN) /N, then
d(P,P)+d(P',P") = O(rn).

Proof. Fix p € Pand q € P, and write £ := ||qg — p||. If £ < ry, there is nothing to prove. Suppose
instead that ¢ > ry, and define z; := p+t(q — p) for t € [0,1]. Since & is convex, z; € P for
all t € [0,1]. Since p minimizes Fy over 2, the variational inequality gives VEy(p) - (g — p) > 0.
Moreover, for every t € [rn /4, 1], the pair p, z; satisfies ||z; — p|| = t£ > ry;, so the event Ey implies
~ ~ 1 - m. o
— g —p) = — >
(VEn(z) = VEN(P)) - (4= p) = = Min(p,21) 2 St

For t € (0,rn/{), convexity of Fy implies monotonicity of V Fy, so
(VEx(z) = VEx(p)) (2 —p) 2 0.
Therefore,

. - T L m m
FN(q)_FN<P):/O VPN(Zt)'(q_p)dtZ/r /ﬁwzdtzz(ez—r@).
N
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On the other hand, by (A1) and optimality of g for Fy,

Fn(q) — En(p) < En(q) — En(p) < En(p) — En(p) < BN-

Combining the last two equations gives
2 <ry+ 4by N
m

Since this bound holds for every (p,q) € P x P, d(P,P) < /1%, + 4Bn/m. The proof for the per-

turbed objectives is identical: the additive vector ds/ N cancels in the gradient difference VF (z") —
VE(p') = VEn(Z') — VEN(p'), and the linear term cancels in F(p') — E(p') = Fn(p) —
Fn(p') < Bn, so the same argument gives d(P',P') < /r3 +4Bn/m. Finally, 4By /(mr3;) =
2X2../ (mK*1og?(eN)) — 0, 50 /1% +4BNn/m = O(ry), which proves the last claim. O

Conclusion The proof of Theorem 7 now follows directly from Lemmas 12-14. Fix B < c. By

Lemma 12, there exists K > 0 such that the event Ey holds with probability 1 — O(1/N), where

log(eN)
N

TN:K

The event Ex depends only on the realized buyer types, not on the perturbation s, so the argument
below yields a single common bound simultaneously for all admissible perturbations with ||Js|| < B.

On En, Lemma 13 gives

o 2B
d(P,P’") < max {T’N, mN} = O(rn),

uniformly over all such perturbations, while Lemma 14 gives
d(P,P)+d(P,P") = O(rn).
Hence, again on Ey,

d(P,P') < d(P,P) +d(P,P') +d(P,P') = O(ry).
——r N————r e —

Lemma 14 Lemma 13 Lemma 14

This proves the high-probability statement in Theorem 7. For the expectation bound, decompose

over Ey and its complement: on Ey there exists K’ > 0 such that d(P, P") < K'ry, while on Ef; use
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the trivial bound d(P, P') < diam(%). Therefore E[d(P,P’)] < K'ry + diam(2) Pr[E§] = O(rn),
because Pr[E§;] < O(1/N) and N1 = O(ry). This proves the expectation statement as well.

For the final ex post-incentive claim, fix a Walrasian mechanism .# and consider the same event
En. By part (a) of Assumption 1, every truthful or reported bundle has norm at most Xax, so a
unilateral misreport changes one buyer’s demand by at most 2Xmax in norm. By part (b), such a
perturbation is admissible once N is large enough. Moreover, by the same construction as in the
proof of Proposition 3(a), every unilateral misreport induces an admissible supply perturbation
with norm at most 2Xmax. Applying the perturbation bound just proved with B = 2 X« therefore
gives d(P,P') = O(ry) for the truthful and misreport-induced price sets. Repeating the payoff
comparison from the proof of Proposition 6 then shows that, on Ey;, the gain from any unilateral
misreport is at most Xmaxd (P, P') = O(rn). Since .4 was arbitrary, the same event implies that

every Walrasian mechanism is O(ry)-ex post incentive-compatible.

A.4 Proof of Corollary 8

Fix buyer n and condition on buyer n’s realized type, say v, = v. Let w_, denote the draw of
the other N — 1 buyers, and for any report w € 7’ let P(v,w_,) and P(w, w_,) denote the sets of
Walrasian prices when buyer n reports v and w, respectively. Let s denote the supply vector in the
current market.

By part (a) of Assumption 1, ' —xt < |¥'|l < Xmax for every report w, price p, good ¢,
x € Dy(p), and x’ € Dy(p). By part (b), st > Ns' for each ¢, s0 Xmax < s’ once N is large enough.
Thus every unilateral misreport is admissible for all sufficiently large N.

Apply Lemma 12 to the other N — 1 buyers. Since these buyers are i.i.d. draws from v, there is

an event Fy, depending only on w_,, such that Pr[F§, | v, = v] = O(1/N) and, on Fy;,

Y Mi(p,p') > S (N=1)[lp—p|?

m
7 2
forall p,p’ € P with ||p—p'|| > rny-1 := Klog(e(N —1))/(N —1). Now fix any report w € 7,
and let

M (p,p') ==Y M(p,p") + Mu(p,p')
i

denote the aggregate regularized monotonicity modulus in the economy with report w. Because
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Muy(p,p') >0 by monotonicity of the gradient of a convex function, on Fy one has

- m
M (p,p') > >

(N=Dlp=pI? = ZNlp—p'|?

for all p,p’ € P with ||p —p'|| > rn_1, for all N > 2, uniformly in w. Applying Lemmas 13
and 14 with radius rny_1 and modulus constant /2 therefore shows that, on Fy, every admissible
perturbation with uniformly bounded norm changes the corresponding actual price sets by at most
O(rn-1) = O(rn); the implicit constant is independent of the report w. By the same construction
as in the proof of Proposition 3(a), a unilateral misreport by buyer n induces such a bounded

admissible perturbation. Hence, on Fy,

d(P(o, @), P(w,w_y)) = O(ry),

uniformly in w. For each fixed report w, the map w_, — d (P(v, w_n), P(w, w_n)) is measurable.
Indeed, each price-set correspondence is a compact-valued argmin correspondence of an objective
that is measurable in w_, and continuous in prices, hence measurable by the measurable maximum
theorem; see, for example, Aliprantis and Border (2006, Thm. 18.19). The map (A, B) — d(A, B) is
continuous on nonempty compact subsets of & equipped with the Hausdorff topology. Since all

Walrasian price sets lie in the compact box %, it follows that for every fixed w,

E [d <P(v,a),n), P(w, w,n)>

vy = v] < O(ry) Pr[Fy | v, = ©]

+ diam(2) Pr[Fy | vn = 7],

which is O(ry), uniformly in w.

Now fix an arbitrary Walrasian mechanism .# and report w € 7". Then p € P(v,w_,) and
pl € P(w,w_y),so|lp—7p| < d(P(v,w_n),P(w,w_n)). Also x, € Dy(p) gives truthful utility
uy(p), while x, € Dy, (p') implies v(x},) — p’ - x}, < u,(p’). Hence the gain from report w is bounded

by

o) =1 xh] = [o(x) = p 20| < wo(p) = walp)
< Xmapr - p/H
< Xmaxd (P(v,w_n),P(w, cu_n)),
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using Xmax-Lipschitz continuity of u,. Taking conditional expectations gives an O(rn) bound
on the conditional gain from w. Since .# and w were arbitrary, every Walrasian mechanism is
O(rn)-interim incentive-compatible for all sufficiently large N. Removing finitely many initial

markets does not change the asymptotic definition, so this proves Corollary 8.

A.5 Proof of Proposition 9

Fix prices p, p’ € & and write g := p’ — p. Letd € E,[Dy(p)] and d’ € E,[D,(p’)] be arbitrary. By
the definition of the Aumann expectation as the closure of expectations of measurable selections,
there exist sequences of integrable measurable selections x,,(v) € D,(p) and x/,(v) € Dy(p’) such
that E,[x,,] — d and E, [x],] — d'.

Because v admits a finite subtype representation on %, for every m and for v-almost every v,

(xm(v) —xl, ) f (v; p, p’) max{d - q,0}.

j=1

The right-hand side is nonnegative, so taking expectations and then using the corresponding lower

bounds on E, [N;(v; p, p')] gives

Mz

(]Ev[xm] - ) (v; p, p')] max{d - q,0} > Zc] max{d’ - g,0}2.

j=1 j=1
Passing to the limit as m — oo yields
M .
(d—d)-q>)Y cjmax{d -q,0}%
j=1

If g = 0, there is nothing to prove. Otherwise write g = ||g||u with ||u|| = 1. Then

M ) M )
Y- cmax{d - ,01 = [P L cymax{& - 1,0},
j=1 j=1

Define

M
f(u) =Y cjmax{d -u,0}?

j=1
on the unit sphere. Because the vectors {¢/ : ¢; > 0} positively span R, every unit vector

u can be written as u = 2]-:6],>0 /\j(Sj with Aj > 0. If /- u < 0 for every j with cj > 0, then

37



I? =u-u = V>0 Ai(87 - u) < 0, contradicting |[u|| = 1. Hence for every unit vector u

[
there is some j with ¢; > O and &/ -u > 0, so f(u) > 0. Since f is continuous and the unit
sphere is compact, it attains a strictly positive minimum m := miny,—; f(x) > 0. Therefore
(d—d)-(p —p) = mlp' —pl*

Because d € E,[D,(p)] and d’ € E,[D,(p’)] were arbitrary, this proves strong monotonicity of
the expected demand correspondence as stated. Moreover, the same lower bound extends to the
convex hulls of these sets, because the left-hand side is affine in (d,d’). Thus the same modulus
m applies to all d € colE,[D,(p)] and d’ € coE,[D,(p’)]. For indivisible buyers, X, is finite, so
Uy is the maximum of finitely many affine functions and therefore du,(p) = — co Dy(p). By the

interchange theorem,

aIEV[”v(P)] = Ev{a”ﬂ(?)] = —Ey[co DU(P)]-

Since convexification commutes with Aumann expectation for integrably bounded random sets; see,
for example, Aumann (1965), E,[co Dy(p)] = coE,[D,(p)]. Hence the same strong-monotonicity
bound holds for the correspondence —dE, [u,(p)], which is the object used in Theorem 7. Under
Assumption 3, every realized economy in the support of v admits Walrasian equilibrium and
the same dual-price characterization as in Section 5. The remaining hypotheses of Theorem 7
and Corollary 8 are therefore satisfied, so the perturbation and interim incentive bounds in those

results apply to every admissible perturbation in this class of indivisible-goods economies.

B Generalized notions of strong convexity and strong monotonicity

This appendix introduces generalized notions of strong convexity and strong monotonicity, in
which the quadratic powers in each definition are replaced by alternative exponents. Throughout,

let K C R? be convex.

Definition B.1 (Order y-strong convexity). For v > 1, the function f is order y-strongly convex with

constant m > 0 if
Fy) = f(x) 452 (y—2x) + gHy— x| forall x,y € K and sy € 9f ().

Definition B.2 (Order v-strong monotonicity). Let T : K = R? be a nonempty-valued correspon-

dence defined on K. For v > 1, the correspondence T is order y-strongly monotone with constant
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m' > 0if
(ty —tx) - (y—x) > m'|ly —x||7, forall x,y € Kand t; € T(x),t, € T(y).

These concepts are related similarly to the strong-convexity /strong-monotonicity equivalence

in the main text.
Proposition 15. Let f : K — R be a convex function and df : K = R¥ be its subdifferential mapping.

(a) If f is order y—strongly convex with constant m > 0, then o f is order -y—strongly monotone with

constant m.

(b) If of is order y—strongly monotone with constant m' > 0, then f is order y—strongly convex with

constant 2m’ /7.

For v = 2, these reduce to the usual notions of strong convexity and strong monotonicity. For
v # 2, the equivalence persists, but the constant in part (b) is scaled by 2/+. The deterministic

perturbation bound from the main text therefore extends immediately to the order-y case.

Proposition 16. For v > 1, consider a nested economy sequence ({Ny, st) )teN in which every buyer has
order-7y strongly monotone demand with common constant m > 0. Let és; be admissible perturbations, and
define

N7 = i N;: D, 0V and D, (p') # {0}}] .
f pep(m),r;}g;whws!)HnEt (p) # {0} and D, (p") # {0} }|

If N} > 0, then

AR
d(P(Nt,St),P(Nt,St+5St)) S (m]\?f) .

In particular, if ||6s¢|| = O(1), then
d(P(Nt’Sf)’P(Nt/St +(5st)> —0 ((Ntﬂ)—l/(v—l)) _

The proof is almost identical to the proof of the deterministic perturbation theorem in the main
text, replacing the quadratic lower bound by the order 7 inequality and then taking the supremum
over compared equilibrium price pairs. The stochastic perturbation theorem, the interim incentive
corollary, and the sufficiency direction of the local replica theorem can also be adapted by the same

arguments for the alternative assumption of order y-strong monotonicity.
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Another notion related to strong convexity that may be used when the set of minimizers of a

function is not unique is the following.

Definition B.3 (Growth conditions). Let S be the set of minimizers of f on K, which is assumed
to be nonempty, and let fy = min,cx f(x). For ¢ > 0, the function f satisfies the order y-growth

condition if there exists some constant m > 0 such that for all x € K,
m. ..
f(x)> fo+ E[chst(x,S)W. (GO)

For v = 2, this is the quadratic growth condition. If (GC) is satisfied for all x in some neighborhood of

a point ¥ € S, then it is the local order y-growth condition at x.

Growth conditions were introduced by Shapiro (1992) and thoroughly studied in Bonnans and
Shapiro (2013). Because the zero vector is in the subdifferential of f at any minimizer of f, the
order y-growth condition is weaker than order y-strong convexity. It can still yield one-sided
stability bounds on how far perturbed minimizers lie from the original minimizer set, but it does

not generally control the two-sided set distance d(-, -) used in the main text.

C Tatonnement

Recall the continuous-time tatonnement process in which prices are adjusted in proportion to the
excess demand for the relevant good:

dp .

P = a[D(p()) 5], with p(0) = py
for some adjustment speed a > 0 and starting price po € RL. Here D(p) is assumed to be single-
valued, which holds generically away from indifference prices in the divisible-goods case. Strong
monotonicity guarantees uniqueness of the Walrasian equilibrium price, but not single-valuedness
of D away from equilibrium.

The proposition below records the simplest interior exact-clearing case, in which a strictly
positive equilibrium price p* satisfies D(p*) = s. Even in quasilinear economies, the rate of
convergence to equilibrium may otherwise be arbitrarily slow: there may exist prices p far from a
Walrasian equilibrium price p* for which excess demand is very small, so the adjustment process

moves only slowly despite being far from equilibrium.
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However, under the assumption of strong monotonicity of demand, the Cauchy-Schwarz
inequality gives ||p — p*|| < 1| D(p) — s||, so prices cannot be large when excess demand is small.
This implies that the price adjustment process cannot slow down at prices a long distance from
Walrasian equilibrium.

The following proposition records the resulting convergence rate in the interior case, where the

equilibrium is market-clearing and boundary free-disposal issues are absent.

Proposition 17. Let p(-) be a continuously differentiable solution of

Suppose D is single-valued and strongly monotone with constant m > 0, and that D(p*) = s for some

p* € RL . Then
Ip(t) = p*|l < [Ip(0) — p*|le*™.

In particular, the time to reach an e-ball*? around p* is

o<110gHP(0>—P*H>,

oam s

Proof. A standard Lyapunov argument applies. Consider the function

L(t) = [lp(t) — p"|I*.

By definition of the taitonnement process,

EZTI; =2(p(t) — p*) - %’Z =2(p(t) — p*) -a(D(p(t)) —s).

Because D(p*) = s by assumption, strong monotonicity gives

(D(p*) = D(p(1))) - (p(t) — p*) = m|p(t) — p*|*.

Rearranging gives

(D(p(1)) —s) - (p(t) = p*) < —m|[p(t) = p"|I%,

12For the analysis of tittonnement as an algorithm, the e-neighborhood of p* is the appropriate subject of study. One
reason is that p* may be irrational, and so exact convergence to p* cannot be expected from a computer.
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and hence

%L < oum|p(t) — p* | = ~2amL(t)

Gronwall’s inequality therefore implies
L(t) < L(0)e™ 2™,

Taking square roots yields

lp(t) = p*II < [lp(0) — p*[le*"".

The final time bound follows immediately.

O]

Budish, Cramton, Kyle, Lee, and Malec (2020) note that the constant 1/(am), not just the
exponential form, matters in practice: titonnement can still be too slow in very large markets, and

interior-point methods may perform better.

D Production economies

I now discuss extensions of the results to production economies. I consider two structures: first,
two-sided markets in which agents are either buyers or sellers, and second, markets in which

agents may be buyers or sellers of different goods depending on prices; I call such agents “traders.”

D.1 Two-Sided Markets

The buyer side of the economy is as in the model section of the main text. Now add a finite set
of sellers #. Seller f € & has a convex, compact production set Yy C ]REr with 0 € Yy, and a
monotone convex cost function cs : Yy — R satisfying c(0) = 0. The pair & = (#', F) is a market.

At price p, seller f solves

max{p -y — e W)k

Let S¢(p) be the seller’s supply correspondence and let 7r¢(p) = maxyey,{p -y —cs(y)} be the
associated indirect profit function. As usual, S¢(p) = d7¢(p).

For a fixed market &, let

Zg(p) == )_ Du(p)— Y_ S¢(p)

neN feF
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be the excess demand correspondence. I assume there exists a compact, convex price box # C Rk |
containing all Walrasian equilibrium prices and all perturbed prices p’ satisfying ds € Zg(p’) for
bounded perturbations Js. This is a local price-box assumption for the production setting. With
compact production sets Yf and consumption sets X;,, the excess demand correspondence Zg (p)
is uniformly bounded across all prices, so a coercivity argument is unavailable; the price box
instead bounds equilibrium prices directly. Because # C R’ ,, complementary slackness forces
exact market clearing at any equilibrium or perturbed price in 2, so the condition s € Zz(p') is
consistent with the free-disposal equilibrium definition.

A Walrasian equilibrium consists of a price vector p together with a feasible allocation ) ,,c » x,, <
Y fes Y, complementarity p* (2;16 Xy — Lfes yﬁ) = 0 for each good ¢, and choices x, € D, (p)
and ys € S¢(p). Walrasian equilibria exist in this setting and are efficient, by the same duality
argument as in the model section of the main text, using 0 € Y for every seller.

Whereas Walrasian equilibria solve 0 € Zg(p), a perturbation in this setting is represented by

the perturbed equilibrium price set
W(&;0s) :={peP:dse€Zg(p)},

which is the direct analogue of replacing supply s by s 4 s in the exchange economy. The main-
text notion of perturbation-proofness therefore carries over to nested sequences of production
economies by comparing the Walrasian price set W(&;) := W(&;;0) with the perturbed price
set W(&;; ds;) via the same distance d(-,-). The direct analogues of the misreport and incentive
propositions in the main text then apply to this set-valued notion of perturbation-proofness under
the corresponding analogue of the main-text large-market assumption.

Seller f is active at price p if S¢(p) # {0} and supply changes when prices scale upward, that
is, if S¢(Bp) # S¢(p) for some B > 1. This condition rules out the case in which the seller is pinned
at a boundary of the production set, so that supply does not respond to nearby price changes even
within the local price box 2.1° The seller has strongly monotone supply if there is some m’ > 0 for
which (y —y') - (p — p') = m*||p — p'||* for all active prices p, p’ and y € S¢(p),y' € S¢(p').

The deterministic perturbation theorem from the main text now applies to economies in which
all buyers have strongly monotone demand with constant m"™ and all sellers have strongly mono-

tone supply with constant mf. For p € W(&;) and p' € W(&;s;), let N*(p, p') + F(p,p’) de-

13A similar condition is not needed in the buyers’ case because prices are bounded below by zero.
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note the total number of active buyers and sellers at both prices, and define N} + F{ as the
minimum of this quantity over all such pairs. The proof is similar: add the seller inequalities

r=vp)-(p—p) = mF||p — p'||? to the corresponding buyer inequalities to obtain

Yo (i —da)+ Y (yr—v5) | - (p—p") = min{m"N,m"} (N} + F)||p = p'|I%,

nes feF
with the term in parentheses on the left corresponding to the perturbed excess-demand condi-
tion ds; € Zg, (p’). Taking the supremum over compared price pairs yields the same set-valued
perturbation bound as in the main text.

The local interior replica theorem, the stochastic perturbation theorem, and the interim incentive
corollary also apply with the appropriate modifications. In the replica case, one works on bounded
interior supply regions whose equilibrium prices remain strictly positive. The stochastic pertur-
bation and interim-incentive results further require the corresponding analogues of the main-text
large-market and stochastic regularity assumptions. In each case, the proofs are modified to exploit
strong monotonicity of the (expected) excess demand correspondence, and the (expected) dual

objective now takes the form Y,,.c y un(p) + Lres 77 (p)-

D.2 Markets with Traders

I now replace the set of buyers with a finite set 7 of traders. Trader n € J chooses a netput
X, € X, C RE, where X,, is convex, compact, contains 0, and may have negative coordinates. Each
trader has a concave net-value function v, : X, — R, normalized so that v,,(0) = 0, and payoff
Un(Xn) — p - xn. Let D, (p) be trader n’s net-demand correspondence and define aggregate net

demand by
Z7(p) :== ) Da(p).

neg
A Walrasian equilibrium is a price vector p € RL together with choices x, € D,(p) for each
n € 7 such that ¥, x, < 0and p’ ¥, x5 = 0 for each good . Assume there exists a compact,
convex price box # C Rk , containing all Walrasian equilibrium prices and all perturbed prices p’

satisfying és € Zg (p’) for bounded perturbations ds, and define

W(T)={pePr:0eZs(p)}, W(T;0s):={peP:dseZs(p)}.
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A trader is active at price p if it is not the case that D, (p) = Dy, (Bp) for all B > 1, replacing the
active-buyer definition in the main text. The deterministic perturbation theorem and the local
interior replica theorem then extend by the same arguments, now working directly with the traders’
aggregate net-demand correspondence and comparing the price sets W(J ) and W(J; ds) exactly
as in the main text. The stochastic perturbation and interim-incentive results extend as well under

the corresponding analogues of the main-text large-market and stochastic regularity assumptions.
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